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Figure 1. Our proposed method can handle a wide range of materials under different lighting conditions: (a) specular material, (b,c) glossy materials, (d)
anisotropic material.

Abstract—We propose a novel real-time rendering technique
using Gaussian Mixture Models (GMMs) for environment lighting. We represent isotropic and anisotropic Bidirectional Reflectance Distribution Functions (BRDFs) using sum of Spherical
Gaussians (SGs) fitted by Expectation-Maximization (EM) algorithm, which provide an accurate approximation with acceptable
number of lobes. To suppress the approximation errors, we use
Graphics Processing Unit (GPU) generated MIP-maps for filtering environment maps that does not require a pre-computation.
MIP-mapped lookup is performed with the size of SG lobes to
make filtering efficient. Based on empirical results, it is shown
that both isotropic and anisotropic reflectances can be handled
in real-time using our technique.
Index Terms—Real-time Rendering, Precomputed Radiance
Transfer, Spherical Gaussian.

I. I NTRODUCTION
Numerical estimation of the illumination integral can produce some approximation errors. To reduce these errors,
various noise reduction techniques such as multiple importance
sampling [1] have been proposed. On the other hand, similar
to our technique, an interesting approach for eliminating numerical estimation would be convolving environmental maps
as a pre-filtering step. Since the isotropic BRDFs are radially
symmetric, environment maps can easily be filtered using only
the lobe direction and size, but orientation of the lobe must
also be taken into account for anisotropic materials. In this
work we demonstrate that GMMs can provide an accurate
approximation for anisotropic BRDFs representation.
Adopting SGs to represent spherical function is a widely
used technique to achieve real-time rendering of reflectance,
BRDFs, under environment lights. Recent techniques [2, 3, 4]

used SGs to represent BRDFs, lighting and visibility approximation.
Our main contribution in this work is to use GMMs fitted
by EM algorithm to represent both isotropic and anisotropic
BRDFs. For the pre-filtering step, we use hardware generated MIP-maps in real-time, which does not require precomputation, to suppress the approximation errors.
Although similar approaches have been proposed [2, 3, 4,
5], our technique is more efficient than its competitors in terms
of computation time of fitting GMMs, and has the advantage
that scene can be changed dynamically.
The rest of this paper is organized as follows. First, some of
the relevant work on environment maps filtering and Precomputed Radiance Transfer (PRT) are presented in Section II.
Background information for SGs is given in Section III. Our
BRDF approximation technique, using GMM, is described in
Section IV. Using GMMs for distant lighting in real-time is
explained in Section V. Empirical results are presented in
Section VI and Section VII is devoted to conclusion and future
work.
II. R ELATED W ORK
There has been extensive effort for evaluating the Rendering
Equation [6]. A common approach for the evaluation of the
underlying equation is to employ an efficient sampling of
light [7, 8], or BRDF [9, 10, 11, 12]. However, outgoing
radiance in Rendering Equation cannot be accurately approximated using one of these importance sampling strategies only.
The original method for PRTs [13] which supports lowfrequency lighting environments only, requires using Spherical
Harmonics (SH) for lighting. Frequency space approaches

like SH [14] solve the pre-filtering step but they support
only low-frequency lighting and BRDFs remain static. Haar
wavelets [15] for PRT supports all-frequency lights, but it
has high memory and precomputation costs. A number of
approaches have been proposed to overcome this problem. For
example, factoring BRDFs into separate view and light components works well for diffuse BRDFs, but requires large number
of terms to approximate specular BRDFs [16, 17, 18, 2].
Spherical Radial Basis Functions (SRBF) for environment
light and light transport functions are used to achieve allfrequency PRT [2]. This method provides a real-time rendering
with plausible image quality, but it does not support highly
specular BRDFs.
Similar to our approach, GMMs have been applied for the
PRT-based rendering routine [19, 20, 3, 4]. Green et al. [19]
proposed their own optimization technique to fit the Gaussian
parameters which supports interpolation over view direction
and vertices. This technique is limited to static scenes and
its storage cost is high. Green et al. [20] improved their
previous method by separating reflectance and visibility which
provides a light-weight visibility approximation for shadowed
reflections using SH and a separate GMM for each predetermined view elevation angle. This technique does not support
anisotropic BRDFs and requires expensive precomputation and
storage even for isotropic BRDFs. Wang et al. [3] fit Gaussians
for the anisotropic BRDFs using L-BFGS-B solver [21], and
the view directions are approximated by SGs through their own
spherical warp technique. The anisotropic BRDFs require too
many SGs for the approximation and errors occur in grazing
angles. Xu et al. [4] reduce these errors and the lobe count for
the approximation by using Anisotropic Spherical Gaussians
(ASGs). Iwasaki et al. [5] represents the convolution of the
Bidirectional Visible Normal Distribution Function (BVNDF)
and the small-scale BRDFs as SGs. This technique supports
only isotropic BRDFs as small-scale materials.
Colbert and Křivánek [22] proposed a GPU-based filtered
importance sampling algorithm for image-based lighting. This
method supports dynamic scenes but it can only work with
moderately anisotropic BRDFs. Kautz et al. [23] proposed a
pre-filtering technique of anisotropic environment maps using
Banks model [24]. In this method, Lambert’s term is discarded
to decrease the dimensionality which causes reflectance problems, and pre-computing environment is required for every
BRDF parameters. Tan et al. [25] use GMMs for multiresolution reflectance of the geometric structure within each pixel.
In this technique GMMs are aligned with their own modified
EM algorithm. Han et al. [26] proposed a similar approach by
using GMMs for normal map filtering.
III. S PHERICAL G AUSSIAN
Von Mises-Fisher distribution is a probability distribution
on the (p − 1)-dimensional sphere in Rp . On a unit sphere
in 3 dimensions (p = 3), the probability distribution function

can be written as:
g(x; µ, κ) =

T
κ
eκµ x
4π sinh κ

(1)

where µ ∈ S2 is the lobe axis and κ ∈ (0, +∞) is the
lobe sharpness. The direction vector x ∈ S2 is the spherical
parameter of the resulting function.
It is shown in [26] that von Mises-Fischer distribution is
1
that is
equivalent to Gaussian distribution with σ 2 = 2κ
κ κ(x·µ−1)
g (x; µ, κ) ∼
e
.
(2)
=
2π
Spherical Gaussian distributions, or von Mises-Fischer distributions are symmetric around their µ axis. Therefore, it is
trivial to rotate these distributions just by rotating the µ axis.
IV. BRDF A PPROXIMATION WITH M IXTURE OF SG S
We used GMMs to approximate BRDFs. For a set of fixed
viewing directions V = {oj }, specular component of the
BRDFs multiplied by the cosine term is modeled as:
ρ (i, oj ) (n · i) ∼
=

N
X

αk,j g i; µk,j , κk,j



(3)

k=1

where, ρ is the BRDF function, i is the incoming light
direction, oj is a fixed viewing direction, n is the surface
normal, and g is a SG distribution with parameters µk,j and
κk,j . Once these parameters are estimated, they can be stored
in a texture (parameterized by k and j) to be used later in the
rendering process.
Parameters of a probability model can be estimated using
maximum likelihood estimation method. Unfortunately due to
the summation terms in GMMs, no closed-form solution to
the maximization problem is possible and the parameters must
be estimated numerically using optimization methods. In this
work, we used the EM algorithm [25, 27, 28]. It is an iterative
nonlinear optimization method for estimating parameters of a
probability model that depends on unobserved latent variables.
Using samples X = {xi ; 1 ≤ i ≤ M } drawn from the
original distribution, the parameter vector Θ of a GMM can
be estimated by maximizing the likelihood.
Θ =
=

argmax P (X|Θ)
N

M
Q
P
argmax
αk g (xi ; µk , κk ) .
i=1

(4)

k=1

While estimating the parameters of this model using EM algorithm, the latent variables Z = {zi ; 1 ≤ i ≤ M }, determine
the component from which the observation originates.
Xi | (Zi = k) ∼ G (µk , P
κk )
where P (Zi = k) = αk and
αk = 1

(5)

EM algorithm iteratively alternates between two steps. In
the first step named expectation step, the EM algorithm
finds the expected value of log-likelihood with respect to the
unknown data Z given the observed data X and the current

function.
G−1
θ (a; κ) = arccos

Ωs
µ



log (1 − a)
+1
κ


(7)

where a is the percentage of the coverage.
The solid angle subtended by the distribution can then be
found by:
Z G−1
θ (a;κ)
2π log (1 − a)
.
(8)
Ωs = 2π
sin θdθ = −
κ
0

G−1
θ (a; σ)

Figure 2. Spherical Gaussian and the solid angle subtended by it

parameter estimates. In the second step, that is the maximization step, algorithm estimates parameters that maximizes
the expectation computed in the first step. These alternating
steps guarantee convergence to a local maxima. However,
local maxima may not be the optimum result. To ensure good
results, initial guess for the parameters must be carefully used.
In order to provide a better guess for the initial parameters,
first we calculate the spherical coordinates θ and φ of the
samples. Next, we sort the samples along the axis having the
highest variance. Then, we cluster the sorted samples into N
equally sized sets. Finally we assume each set originates from
a different SG distribution and we estimate the parameters of
each SG distribution from the samples in the corresponding
set.

In order to calculate the number of environment map pixels
we also need to find the solid angle subtended by a single
pixel of the highest detail mipmap of the environment map,
Ωp , as in [22]:
d (i)
(9)
Ωp =
w·h
where d (i) is the distortion factor and w, h are the environment map width and height in pixels consecutively.
Finally the mip level can be calculated by the logarithm of
the ratio of the solid angle subtended by the distribution and
the solid angle subtended by a single pixel:
 
Ωs
I = 1/2 log2 Ω
p
(10)
= 1/2 (log2 (−2π log (1 − a)) − log2 κ) +
1
/2 (log2 (w · h) − log2 d(i)) .
The first term in Eq. 10 depends only on a, which controls
the smoothness. The second term only depends on the SG
parameters and the third term depends only on environment
map size. All these three terms can be precomputed with
minimal computation cost. The final term depends on the
mapping distortion factor, and since we use dual paraboloid
environment maps [29], it can simply be calculated as:
2

V. R EAL TIME RENDERING USING SG S

d (i) = 4b2 (|iz | + 1)

Since SGs are radially symmetric, they can easily be used
for real-time distant light filtering. The mean direction vector,
µ, of a SG can be used as a parameter to look up light intensities from an environment map. And the variance parameter, κ,
defines how much of the pixels around this direction should be
averaged. As in [22], this averaging process can be simplified
by using the mipmaping capabilities of GPUs. The mipmap
level can be calculated by using the number of environment
map pixels covered mostly by the SG distribution, thus the
solid angle subtended by the lobe should be calculated first.
We first rotate the distribution to align the direction µ with
the unit-z axis. This procedure simplifies the calculations and
it does not change the solid angle, Ωs , subtended by the
distribution. We then calculate the cumulative distribution of
the θ marginal of the distribution where θ is the azimuth angle
in spherical coordinates.

where b is a scaling parameter to allow each paraboloid to
have information from the opposite direction as in [22].
To summarize our method; for each oj the EM algorithm is
used for fitting 8 SGs, the αk,j , κk,j parameters and spherical
coordinates of µk,j are stored in a texture as a precomputation
step. For rendering, first the out-going direction vector in
tangent space is calculated. Then for each SG, the parameters
of the distribution are looked up from the precomputed texture.
A rotation is performed to transform µ direction into worldspace and calculate the texture mapping coordinates for the
environment map. The mipmap lod index is calculated in a
similar way as described above. Finally, the contribution of
this SG is looked up from the environment map using the
calculated lod index.

Gθ (θ; κ) ∼
= 1 − eκ(cos θ−1)

(6)

In order to find the θ span of the distribution, which is shown in
Figure 2, we can use the inverse of this cumulative distribution

(11)

VI. R ESULTS
We have implemented three methods for comparison: our
proposed method, Colbert and Křivánek’s filtered importance
sampling [22] method and the all-frequency rendering method
proposed by Wang et al. [3]. We also prepared reference
images using PBRT offline renderer [30]. We used a simple
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Figure 4. Spheres with an anisotropic material (αx = 0.01, αy = 0.2) are
rendered using a) Filtered importance sampling, b) All-frequency rendering
and c) Our method. Reference image is shown in the first column and
difference images are shown in insets. PSNR values are given below each
image.
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Rendering results are presented in Figure 3. Reference images
are shown in the first column of this figure. Rendered images
using filtered importance sampling, all-frequency rendering,
and our method are presented in the following columns. The
insets for each image represents the difference image between
the images produced by the corresponding method and the
reference images. The Peak Signal-to-Noise Ratio (PSNR)
values are also given for each image. For both specular and
glossy materials, our method produces competitive quality
images. It can also be seen from Figure 4 that our method
can handle anisotropic materials as well.
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Figure 3. Rendered spheres based on different methods and specularity
levels. Columns left to right: reference image, filtered importance sampling,
all-frequency rendering, and our method. Rows top to bottom: images obtained
using the specularity levels (α = 0.01; 0.05; 0.1; 0.15; 0.2). The insets for
each image represents the difference image between the images produced by
the corresponding method and the reference images.

sphere model lit by a distant light as a test scene. Instead of
measured BRDF data, we have used generated data from the
Ward BRDF model [9] for our test purposes.
Empirical results have shown that the Filtered Importance
sampling method is the slowest of these three methods. It
requires large samples (about 40 samples) in order to achieve
similar quality. On the other hand, All-frequency method
requires only a single sample, making it the fastest of these
methods. Our proposed method uses 8 SG lobes, which makes
it slower than all-frequncy method but faster than filtered
importance sampling. On our test machine, (Intel Core i7920, NVIDIA GeForce GTX 480, 12 GB ram), all-frequency
rendering method runs at 5200 frames per second (fps).
Filtered Importance sampling method runs at 490 fps and
our method runs at 990 fps.
We have also compared the quality of rendered images using
five specularity levels, that is α = {0.01, 0.05, 0.1, 0.15, 0.2}.

We have proposed a real-time method to render scenes
illuminated with distant light. Although it is slightly slower,
our proposed algorithm produces better quality images as
compared to its competitors. It can also handle both isotropic
and anisotropic materials.
Using fixed viewing directions and fitting them independently produces blocking artifacts. These artifacts can be
avoided by linearly interpolating the SG parameters. Since
the fitting is done independently for each viewing direction,
the resulting SG parameters cannot be interpolated. This can
be handled by considering the neighboring view directions in
the fitting procedure. Developing an algorithm for an efficient
parameter interpolation is left as a future work.
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